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Abstract Rain events are often studied with raindrop disdrometers—instruments designed to measure
and record individual drop properties. Data from these instruments reveal that the instantaneous raindrop
arrival rate is highly variable, with drop counts in consecutive time intervals occasionally changing by an
order of magnitude or more. These drop count ﬂuctuations result from some unknown combination of real
physical changes in the underlying rainfall in conjunction with statistical ﬂuctuations due to instrumental
imperfections, limited sampling area, and the correlated nature of drop arrivals. Here empirical observations
are used to drive a simulation that explores the degree to which observed variability in bulk rainfall
observations might be produced by statistical ﬂuctuations. It is shown that meaningful conclusions about
true underlying rain properties require more drops than previously thought. Revisions to the interpretation
of disdrometer data are discussed.
1. Introduction
Rain is highly variable in time and space. Observations suggest that there is some degree of statistical structure
all the way down to temporal scales shorter than 1 s [Jameson et al., 1999] and spatial scales of meters or less
[Gires et al., 2015].
Because of statistical ﬂuctuations, accurately measuring and reporting the most basic of rain variables at even
a single location is complicated. Multiple identical detectors can be placed right next to each other and see
notably diﬀerent results [see, e.g., Thurai et al., 2011; Tokay et al., 2005, 2013]. Quantiﬁcation of any variable’s
spatial or temporal variability (which requires measurements at multiple locations or times) is even more
complicated.
Despite the challenges associated with characterizing the spatial and temporal variability of rainfall on small
scales, signiﬁcant attention has been given to the issue in recent years. The spatial and temporal scales of
physical variability have been determined to be smaller than a radar pixel [see, e.g., Jameson and Kostinski,
2000; Miriovsky et al., 2004; Jaﬀrain et al., 2011]. There is even increasing evidence that the scales of physical
variability may be closer to “point-detector” sampling volumes than previously thought [see, e.g., Jameson
et al., 2015a, 2015b].
The diﬀerences in measured rain properties in very close (<∼100 m) locations are due to a large combination of factors including, though not necessarily limited to, (i) physical variability, (ii) detector imperfections,
and (iii) ﬁnite-sampling eﬀects. Normally, all three of these eﬀects are present, but the investigator trying to
understand the natural world is typically interested in the physical variability. Even if the physical variability
during a detector sampling interval is negligible, estimation of the “physical state” of the system at a point
requires a thorough understanding of both detector imperfections and ﬁnite-sampling eﬀects.
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Many experiments have attempted to explore instrumental limitations by deploying several detectors
(sometimes identical, sometimes diﬀerent) in close proximity and examining the diﬀerences in measured
results [see, e.g., Donnadieu, 1980; Campos and Zawadzki, 2000; Habib et al., 2001; Ciach, 2003; Salles and
Creutin, 2003; Miriovsky et al., 2004; Tokay et al., 2005; Krajewski et al., 2006; Jaﬀrain and Berne, 2011; Thurai
et al., 2011; Tokay et al., 2013]. The details of these studies vary signiﬁcantly, but the central problem becomes
one of attribution; if two adjacent detectors do not see the same rain, the diﬀerences are typically assumed
to be due to instrumental error and/or bias. Even if physical variability is not relevant on the spatiotemporal
scales of the study, however, the diﬀerences between two detectors result from a combination of instrumental
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limitations/biases/imperfections and natural sampling variability. Assigning all diﬀerences in observations by
adjacent detectors to instrument diﬀerences is simply not true; due to the correlated structure of rain and the
statistical sampling variability, the adjacent detectors very well could have had a diﬀerent number of drops—
or drops of diﬀerent sizes—fall through their sensing region during the time interval in question.
Here an attempt is made to use a simulation to explore an upper bound for possible eﬀects of sampling variability via the use of a data-driven Monte Carlo simulation. Such an approach has been undertaken before
in at least four well-respected and thought-provoking publications [see, e.g., Smith et al., 1993; Jameson and
Kostinski, 2002a; Smith and Kliche, 2005; Smith et al., 2009]. However, all of these studies used models of
drop arrival statistics that do not always adhere particularly well to recent observations of rain drop arrival
statistics. By constructing a simulation with more realistic drop arrival statistics, the work presented here
clearly demonstrates that sampling variability eﬀects are quite possibly even more pronounced than previously reported.

2. Simulation
2.1. General Scope and Structure of the Simulation
The Monte Carlo simulation developed here is very similar to those described in Smith et al. [1993] and
Jameson and Kostinski [2002a]. The simulations are designed to replicate the process of measuring real rainfall with a disdrometer but with the (artiﬁcial) constraint that the underlying system that is being “measured”
is unchanging in time.
More explicitly, in these simulations we proceed as if there are “true” (and ﬁxed) distributions that govern the
relative abundance of drops of diﬀerent size. Diﬀerences in variables measured from sample to sample depend
on incomplete sampling of the underlying drop size distribution and drop number ﬂuctuations caused by
sampling and natural variability. The detector is assumed “perfect” and the only reason that the “true” drop
size distribution is not measured in each sample is because a ﬁnite number of drops are observed.
2.2. Simulation Procedure
The basic simulation procedure is as follows.
1. For each sample, draw the number ki of drops that are observed. ki is drawn from a speciﬁed distribution
with mean number of drops per sample N̄ . (This distribution will be called the sample-size distribution. The
probability of each sample containing k raindrops when the mean number of drops per measurement is
̄ .)
N̄ will be written as ps (k|N)
2. For each of the ki drops in the sample, assign a drop diameter based on some preset distribution. (This distribution will be called the size-assignment distribution. The probability that a particular raindrop is assigned
a diameter D will be written as pd (D).)
3. After establishing the number of drops and the sizes for each drop in each sample, calculate any
desired quantities for each sample. Following typical rain science convention, these quantities include Dm
(mass-weighted mean diameter), LWC (liquid water content), R (rain rate), R∗ (the empirical fourth moment
of the drop size distribution, often used as a proxy for rain rate) [see, e.g., Joss and Gori, 1978], and/or Z
(radar reﬂectivity factor).
This procedure is repeated for a ﬁxed number of samples at each value of N̄ of interest. Note that, by
̄ and pd (D) are treated as constant; all samples draw from the same underlying
construction, both ps (k|N)
distributions. Each sample in the simulation draws, as needed, from these ﬁxed distributions—thus rendering
each measurement statistically independent of all other measurements. The resulting distributions associated
with each bulk rainfall variable are the quantities of primary interest in this study.
2.3. Driving the Simulation With Real Data
The overall model/structure described above is designed to replicate the intuitive approaches taken in Smith
et al. [1993], Jameson and Kostinski [2002a], Smith and Kliche [2005], and Smith et al. [2009]. Details follow below,
but overall similarities and diﬀerences between this study and those completed in prior studies are presented
in the appendix.
In Smith et al. [1993], Smith and Kliche [2005], and Smith et al. [2009] the sample-size distributions were set to
be a Poisson distribution:
( )
N̄ k exp −N̄
̄
.
ps (k|N) =
(1)
k!
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Figure 1. The distribution of sample sizes observed by the 2DVD
for each of the three events used in the simulations presented here,
as well as a Poisson distribution. Each panel forms a probability
distribution of sample sizes and thus integrates to unity (though
all panels are truncated to values between 0 and 20 drops to show
more detail). Here the time per sample for each event was ﬁxed
so that an average of 10 drops/sample are expected. Notice the
substantial breadth and skewness of these distributions when
compared to a Poisson distribution.

10.1002/2016JD025491

Even at the time of the study, the investigators of Smith et al. [1993] acknowledged
that observations of fractal behavior in drop
arrivals “might mean that a distribution
broader than the Poisson should be used
for simulating the sample numbers.” The
authors further asserted “....We do not expect
the substantive ﬁndings of this paper to
change signiﬁcantly with other, broader-type
distributions.” The veracity of that claim
was tested in Jameson and Kostinski [2002a],
where the sample-size distribution was set
to be a discrete uniform random distribution, running from (approximately) 0 to 2N̄ .
Some of the conclusions drawn from these
studies agreed with each other (e.g., both
studies saw that convergence to the underlying intrinsic values improves with increasing
mean sample sizes), but at times the studies diﬀered (e.g., Smith et al. [1993] saw a
deﬁnite bias to underestimation of all quantities for small sample sizes, whereas no deterministic underestimation is evident in the
Jameson and Kostinski, 2002a’s [2002a] work.
Also, inferences about the general behavior
of statistical Z -R relations diﬀered in these
two studies).

̄ ,
In this study, a slightly diﬀerent approach is taken. Rather than prescribing a particular distribution for ps (k|N)
this simulation uses measured data to develop a distribution that retains some elements of real physical
and sampling variability. More formally, let a sequence of drop observations (where drop arrival times and
diameters are recorded) include a total of
Nt drops observed in total time T . Thus, the
average measured interdrop time can be set
to 𝜏 ≡ T∕Nt . If samples are desired having
an average of N̄ drops, then one can partition the observed drop arrival times into
̄ .
Nt ∕N̄ disjoint intervals, each of duration N𝜏
By looking at the frequency distribution of
the numbers of drops observed in these time
intervals, an empirical distribution of sample sizes with known mean N̄ is generated.
This empirical distribution then serves as the
̄ to drive the
sample-size distribution ps (k, N)
simulation. Examples of such empirical distribution functions are shown in Figures 1–3
(ﬁrst to third panels).

Figure 2. Same as Figure 1, except with an average of 100
drops/sample for each panel. (This corresponds to a time interval
10 times longer than Figure 1.) Here bins are made with a bin width
of 10 drops. It does not appear that all four panels would have
the same mean; this is due to the very long tail of the measured
distributions where totals of drops as high as 1193, 1606, and
1617 for the three events (respectively) were obtained.
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As can be clearly seen from the ﬁgures, the
breadth of an empirical sample size distribution greatly exceeds that of a Poisson distribution with the same mean—especially for
large N̄ . This will be seen to have substantial impact on the results in the simulations
below.
In Smith et al. [1993], Jameson and Kostinski
[2002a], and Smith and Kliche [2005] the drop
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size distribution was also established apriori as a decaying exponential distribution
following long-standing convention [e.g.,
Marshall and Palmer, 1948]. Conversely,
Smith et al. [2009] used the increasingly
popular Gamma distribution. In this study
a diﬀerent methodology was employed by
using an actual (observed event averaged)
pd (D), rather than an assumed theoretical
size distribution (see Figure 4).
A concrete physical interpretation of using
such a data-driven simulation procedure
may be of some beneﬁt. Multiple studies
[e.g., Jameson and Kostinski, 2001; Jameson
et al., 2015b] have noted that the drop size
distribution can explicitly be written:
n(D)dD = n∘ × p(D)dD,

(2)

Figure 3. Same as Figures 1 and 2, except with an average of 1000
drops/sample. (This corresponds to a time interval 100 times longer
than Figure 1.) Substantial diﬀerences both between events and when
comparing events to a Poisson distribution are clearly evident. Note
that though the plots were truncated to only show sample sizes up to
2000 drops, the tails of the distribution functions extend beyond the
region shown. (The largest samples for the three events included
7250, 10850, and 10469 drops, respectively.) The bin width in this
ﬁgure is 100 drops/bin.

where n∘ is the total number of drops in a
unit sample volume, p(D) is a probability
density function of diameter, and both n∘
and p(D) have implicit time dependence.
The approach utilized here ignores the
time dependence of p(D) since (i) measurements of p(D) suggest that it shows
far less variability in time than n∘ and (ii)
recent other studies [e.g., Jameson et al.,
2015a; Jameson and Larsen, 2016] have clearly revealed that the inﬂuence of n∘ dominates over the inﬂuence
of p(D) for many physical scenarios.
Here temporal structures (drop clustering) on certain time scales are still retained via the use of the empirical
̄ . Thus, some elements of both the sampling and physical variability
sample-size distribution function ps (k|N)
are retained by driving the simulation with this measured data.
Ultimately, the simulation process described here (as well as those systems explored by Smith et al. [1993],
Jameson and Kostinski [2002a], Smith and Kliche [2005], and Smith et al. [2009]) acts to homogenize the
size-assignment distribution; no evolution of this distribution is allowed during the event.
2.4. Intrinsic Event Values
Because the underlying size-assignment
distribution pd (D) is treated as constant,
each simulation has deterministic intrinsic
values for Dm , LWC, R, R∗ , and Z . Typically,
these bulk quantities are computed in terms
of the drop size distribution (which is a bit
diﬀerent from pd (D)) (see discussions in
Kostinski and Jameson [1999], Jameson and
Kostinski [2001], Kruger and Krajewski [2002],
and Salles and Creutin [2003]).

Figure 4. The normalized distribution of drop sizes observed by the
2DVD for each of the three events used in the simulations presented
here. These probability density functions are used to assign the drop
sizes in the simulations.
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The relationship described in Kruger and
Krajewski [2002] was used to transform the
size-assignment distribution pd (D) into the
drop size distribution n(D). In the notation
used here, that transformation is given by
n(D) =

[Nt pd (D)]
,
AT[vt (D)]

(3)
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Table 1. Basic Information Associated With the Three Events That Were Used to Drive the Simulations Presented in This
Manuscripta
Event Number
1

Date (2014)

Event Duration (Hours)

Total Drops

R (mm/h)

Z (mm6 /m3 )

Dm (mm)

Jan 14

7.07

587766

0.8976

234.90

0.8495

2

Jul 6

5.42

1693811

8.9734

7991.4

1.5032

3

Nov 23

12.77

1383778

3.8090

1434.5

1.1989

a All data are reported as recorded by the 2DVD at the disdrometer array site.

where there were a total of Nt drops in the event, the cross-sectional area of the detector was A, the total
duration of the event was T , and vt (D) is the terminal velocity of drops of diameter D (determined using the
ninth order power law approximation given in Foote and du Toit [1969]).
In terms of this “traditional” drop size distribution n(D) (where n(D)dD identiﬁes the number of drops per unit
volume with drop diameter between D and D + dD) the quantities of interest are found via relationships like
the following:
∞

Dm =

R=

∫0 n(D)D4 dD
∞

∫0 n(D)D3 dD

6𝜋
104 ∫0

(4)

∞

n(D)vt (D)D3 dD

(5)

n(D)D6 dD

(6)

∞

Z=

∫0

[see, e.g., Smith et al., 1993; Steiner and Smith, 2000]. In these relationships, it is assumed that D is measured in
mm, vt (D) is measured in m s−1 , and n(D) is reported in units of (mm−1 m−3 ). These relationships report Dm in
mm, R in mm h−1 , and Z in mm6 m−3 .
In a scenario under which sampling and physical variability are not present, each measurement would obtain
the same (intrinsic) values for Dm , R, and Z . As the simulations reveal, however, sample-to-sample variability
even in this simulated statistically stationary rainfall can still be quite substantial, due mostly to the breadth
of ps (k|N).
2.5. Simulation Details
In an attempt to directly compare the results here to those in Smith et al. [1993], simulations for each event
were run to match this study with N̄ = {10, 20, 50, 100, 200, 500, 800} drops. Additional simulations were also
run with N̄ = 1000 drops.
It appears that Smith et al. [1993] based their results on approximately 2000 samples for each value of N̄ used.
The studies of Jameson and Kostinski [2002a] and Smith and Kliche [2005] appear to have used 10,000 samples
at each value of N̄ , and the study of Smith et al. [2009] used 20,000 diﬀerent samples for each value of N̄ .

Figure 5. A detailed depiction of the convergence of Dm to its true intrinsic value. In each panel, the intrinsic value of
Dm is marked with a dotted red line. The solid black line indicates the median of sampled values at each mean sample
size. As the mean number of drops per sample (⟨N⟩) increases, samples are more likely to take on values closer to the
intrinsic Dm value. The shading shows probability contours; half of all samples for each ⟨N⟩ lie within the darkest area.
Contours indicate regions containing 50%, 80%, 90%, and 98% (darkest to lightest) of all samples. The panels show
simulations based on (left) event 1, (middle) event 2, and (right) event 3. Simulations were run with
⟨N⟩ = 10, 20, 50, 100, 200, 500, 800, and 1000 drops, with 110,000 samples for each ⟨N⟩.
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Figure 6. This ﬁgure is similar to Figure 5 but shows the convergence of R to its intrinsic value in each event. Note that
the R axis is logarithmic and that in events 1 and 2, ∼ 75% of all observed samples take on values smaller than the
intrinsic value of R, even when ⟨N⟩ = 1000 drops. Convergence of the median sampled value to the intrinsic value is
clearly far slower for R than for Dm .

Due to the breadth of the sample-size distribution driving the simulations here, suﬃcient statistical sampling
was something of a concern. Thus, a total of 110,000 independent samples were used for each event and at
each value of N̄ .

3. Data
Perhaps the most novel element of the approach utilized here is that the Monte Carlo simulation is partially
driven with real data. The data used here were acquired by a two-dimensional video disdrometer manufactured by Joanneum and described in detail in Kruger and Krajewski [2002]. This disdrometer records precise
arrival times and drop diameters for each drop in a sensing area of approximately 100 cm2 . The ability to
resolve individual drop arrival times is crucial in the approach used here; the investigator must partition the
̄
data into time bins of speciﬁed duration in order to generate the sample-size distribution function ps (k|N)
̄
with the proper mean (N). Other instruments that record summary data on a regular time interval (e.g., the
frequently used Joss-Waldvogel or Parsivel disdrometers) would not be appropriate for this task.
The disdrometer used here is part of a disdrometer array located at Dixie Plantation near Charleston,
South Carolina (32∘ 44’26“N, 80∘ 10’36”W). The other disdrometers in the array were used to conﬁrm that
two-dimensional video disdrometer was operating properly during each of the events studied here. A thorough description of the instrument array and site environment is presented in Larsen et al. [2014], Jameson
et al. [2015a, 2015b], Larsen and Teves [2015], and Larsen et al. [2015], but a detailed site analysis is beyond the
scope of this manuscript.
In this study, three separate storms (events) were used to drive the simulations. Basic summary information
for each of these three events is presented in Table 1, along with the event-averaged intrinsic values of each of
the three key variables. Although many rain events were available, these three were chosen because (i) each
lasted several hours with at least several hundred thousand total detected drops, (ii) each had continuous
accumulations over the duration of the event, and (iii) the events demonstrated a variety of diﬀerent values
̄ and pd (D)
for bulk properties Dm , R, and Z . Prior to the selection of these three events, event-averaged ps (k|N)
were generated for each possible event recorded in 2014. The three events chosen here well represent the
̄ and pd (D) take in the ensemble.
variety of diﬀerent shapes that ps (k|N)

Figure 7. This ﬁgure is similar to Figures 5 and 6 but shows the convergence of Z to its intrinsic value in each event.
Consistent with Smith et al. [1993], we see that the median sampled value substantially underestimates the mean.
The degree of this underestimation, however, seems more pronounced with this realistic sampling structure. In
particular, the contours for events 2 and 3 imply that many more than 1000 drops must be expected in each sample
to adequately estimate Z .
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Figure 8. The median sampled value of Dm divided by the intrinsic ensemble value of Dm as a function of mean sample
size for each of the three events, as well as the data from Smith et al. [1993, Figure 3].

Figure 4 shows pd (D) detected for each of the three events. (Recall that this is a plot of the “size-assignment”
distribution instead of a volume-based drop size distribution. The diﬀerences are discussed at length in
Jameson and Kostinski [2001, 2002a].) Calculation of ensemble values of Dm , R, and Z was done by utilizing
equations (3)–(6).

4. Simulation Results
4.1. Moment Estimation
Perhaps the central question of interest is “how long does a single sample have to last so that enough drops
are likely detected to reliably estimate Dm , R, or Z ?” In Smith et al. [1993], it was stated that “For most of the
quantities, the skewness becomes small enough that the median sample values approach reasonably close
to the population values for sample volumes yielding (expected) sample sizes greater than 100 or so drops.”
The results presented here clearly demonstrate that this conclusion is an unfortunate consequence of using
a sample-size distribution much too narrow to replicate reality.
There are a number of diﬀerent ways to visualize the simulated sample-to-sample variability in each of the
associated variables. Figure 5 shows one of these methods. A subplot is presented for each of the three simulated events. The horizontal red dotted line in each panel shows the intrinsic value of Dm for the event.
The solid black line shows the median value of Dm for the (nonempty) samples. As expected, the median
approaches the intrinsic value with increasing sample size. The shaded contours in this ﬁgure show regions
that include 50% (darkest), 80%, 90%, and 98% (lightest) of all nonempty observed samples. (In other words,
98% of all measured samples including at least one drop had Dm values between about 0.5 and 1.3 mm for
event 1 when N̄ = 1000; 2% of the measured values lied outside of these bounds).

Figure 9. The median sampled value of LWC divided by the intrinsic ensemble value of LWC as a function of mean
sample size for each of the three events, as well as the data from Smith et al. [1993, Figure 7]. Note how much more
slowly the realistic sampling inﬂuences convergence to the intrinsic sampling when compared to Dm .
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Figure 10. The median sampled value of R∗ (the fourth moment of the drop size distribution) divided by the intrinsic
ensemble value of R∗ as a function of mean sample size for each of the three events, as well as the data from Smith et al.
[1993, Figure 9].

Figure 6 is similar to Figure 5, except that Figure 6 shows the convergence of R to its intrinsic value. Note that
̄
the R axis is logarithmic due to the wide variety of diﬀerent values each sample may take. Even for N=1000
drops, sample-to-sample variability in R of 3 orders of magnitude is still possible. Note also that in events 1
and 2, approximately 75% of all samples exhibit R values smaller than the intrinsic value, more or less independent of N̄ . This is consistent with the qualitative result from Smith et al. [1993] that asserted that due to the
skewness of the drop size distribution, the median underestimates the true value. The relative insensitivity
to N̄ , however, is surprising. The combined eﬀects of the drop size distribution and a broad (and skewed)
sample-size distribution magnify the eﬀect seen in Smith et al. [1993] substantially and result in much slower
convergence to the median.
Figure 7 shows the approach of Z to its intrinsic value with increasing N̄ . Note that convergence is expected
to be slower for Z since it is related to a higher moment of the drop size distribution. Each event shows a large
number of individual observations that severely underestimate the true intrinsic value of Z .
Figures 8–11 were generated to more directly compare the results of these simulations with those in Smith
et al. [1993]. These ﬁgures show the median sampled values of Dm , LWC, R∗ , and Z (respectively) normalized to
the intrinsic ensemble values. These plots show not only the results from the three events simulated here but
also include the results from Smith et al. [1993] (taken from the plots in their study). Note that convergence to
the intrinsic values of LWC, R∗ , and Z is much slower here than in the Smith et al.’s [1993] study. There is also
substantial event-to-event variability as evidenced, for example, by noting the diﬀerent rates of convergence
to Z with increasing sample size for events 2 and 3.

Figure 11. The median sampled value of Z divided by the intrinsic ensemble value of Z as a function of mean sample
size for each of the three events, as well as the data from Smith et al. [1993, Figure 11].
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Figure 12. Plots of Z and R pairs for each simulated sample drawing on the data from event 1. Each panel shows one
million Z -R pairs. (left) Z -R pairs with an average of 10 drops/sample, (middle) pairs with 100 drops/sample, and (right)
pairs with 1000 drops/sample. Coloring is used to indicate the number of observations with the associated Z -R pairs. In
each panel, the intrinsic (underlying and constant) values of Z and R are indicated by the intersection of the white lines.

The qualitative observation of Smith et al. [1993] that higher moments converge more slowly than lower
moments does seem to hold. However, convergence for all moments depends drastically on the details of
the sampling statistics of the event and generally is far slower than convergence based on a Poisson assumption for sample size. Based on the results shown here, the suggestion that ⟨N⟩ of a few hundred drops may be
suﬃcient to ensure accurate moment estimation is deﬁnitely brought into serious doubt.
Attempts were made to try and drive the simulations with even more drops per sample to determine if there
is a mean sample size suﬃciently large to ensure reliable estimation of each moment. Unfortunately, even
sample sizes as small as N̄ = 10000 result in an increasing lack of sample-to-sample independence. Thus, the
implied requirements of tens of thousands to millions of drops as asserted in Jameson and Kostinski [2002a]
could not be explicitly tested via this method.
4.2. Apparent Z -R Relationships
The use of disdrometer measurements to derive Z -R relationships of the form Z = aRb is very common
(an exhaustive list is impossible to assemble, but a partial list of studies that use disdrometer measurements
to determine a and b values in that relationship include Donnadieu [1980], Tokay and Short [1996], Campos
and Zawadzki [2000], Steiner and Smith [2000], Jameson and Kostinski [2001], Salles and Creutin [2003], Nzeukou
et al. [2004], Steiner and Smith [2004], Lee and Zawadzki [2005a], and Lee et al. [2009]. Both Smith et al. [1993]
and Jameson and Kostinski [2002a] pointed out that “realistic-looking” Z -R scatterplots can be developed for
these simulations as well. It is important to reiterate that in these simulations these scatterplots are purely
statistical artifacts! All measurements of Z and R would (in the absence of sampling variability) be equal to the
intrinsic values of Z and R and a Z -R “scatterplot” should just be a single point.
In the simulations conducted here, sampling variability again develops a quite realistic-looking Z -R relationship (see Figures 12–14). To explore this further, one million samples were generated for each of the three
events with N̄ = 10, 100, and 1000. Because so many samples were utilized, a density map is used instead
of a scatterplot. The scatter in this density map is very representative of a “typical” disdrometer-derived

Figure 13. Similar to Figure 12 but these plots are for simulations using the data from event 2. Again, each panel shows
one million Z -R pairs. (left) Z -R pairs with an average of 10 drops/sample, (middle) pairs with 100 drops/sample, and
(right) pairs with 1000 drops/sample. Coloring is used to indicate the number of observations with the associated Z -R
pairs. In each panel, the intrinsic (underlying and constant) values of Z and R are indicated by the intersection of the
white lines.
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Figure 14. Similar to Figures 12 and 13 but these plots are for simulations using the data from event 3. Each panel
shows one million Z -R pairs. (left) Z -R pairs with an average of 10 drops/sample, (middle) pairs with 100 drops/sample,
and (right) pairs with 1000 drops/sample. Coloring is used to indicate the number of observations with the associated
Z -R pairs. In each panel, the intrinsic (underlying and constant) values of Z and R are indicated by the intersection of the
white lines.

Z -R relationship. Perhaps surprising is that the scatter does not seem to diminish very much even after N̄ is
increased by 2 orders of magnitude; the skewness of the sampling distribution may suggest that even 104
drops (which, for this 2DVD data, corresponds to individual data points of nominally 1–10 min) still leaves
substantial Z -R scatter.

Figure 15 shows how the ﬁtted a and b parameters change depending on N̄ for each of the three simulated
events. As has been noted several places [e.g., Campos and Zawadzki, 2000; Jameson and Kostinski, 2002a;
Steiner and Smith, 2000, 2004], the numerical values of a and b depend on (i) if Z or R is treated as the independent variable and (ii) if the ﬁtting is done through a linear ﬁt on the log-transformed data or via a least
squares power law ﬁt on the raw data. Since conducting a linear ﬁt on the log-transformed data seems to be
more common, this was the convention used here. Both variables were used as the independent variable, but
the general nature of the results remained unchanged. The ﬁtting parameters when rain rate was used as the
independent variable are plotted.
Figure 15 unequivocally shows that higher N̄ values yield larger a values and b values closer to unity. This
is consistent with what was seen by Jameson and Kostinski [2002a] but inconsistent with Smith et al. [1993],
where greater departures of b from unity were observed with increasing N̄ . However, when Poisson sampling
is used (as in the Smith et al. [1993] study), larger N̄ samples yield much smaller sample-to-sample variability in
all moments (including Z and R) resulting in what were called “implausible” Z -R-like relationships in the Smith
et al. [1993] study. Here,“realistic-looking” Z -R relationships are still retained for N̄ = 1000.
The fact that the Z -R relationships developed from this study mimic fairly closely those found from previous disdrometer studies perhaps should not be quite so surprising. Studies that use sequential disdrometer
measurements to infer temporally linked Z -R pairs from a single storm that evolves over time are implicitly

Figure 15. A plot showing the inferred parameters a and b in the relationship Z = aRb for the three events. Each
displayed point is the result of a ﬁt through 10,000 simulated Z and R pairs with the mean number of drops as shown.
Results shown here are consistent with those seen in Jameson and Kostinski [2002b] (where uniform sample-size
distribution functions were used and b → 1 as N̄ → ∞) but inconsistent with those seen in Smith et al. [1993]
(where Poisson sample-size distribution functions were used and b increases with increasing N).
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engaging in the same types of event-averaging that are explicitly employed here. The only diﬀerence in the
approach created here compared to disdrometer-driven Z -R studies is (i) the explicit limitation to a single
event in this study and (ii) the explicit separations of the distributions governing drop size and the distributions governing drop numbers in each sample. Either way, both traditional disdrometer-driven Z -R studies
and the study presented here suﬀer from the same limitations in trying to infer properties of a statistical relationship ultimately desired for use in a context (e.g., radar measurements) where the associated sample sizes
(and, consequently, the sampling ﬂuctuations) are drastically diﬀerent than the measured system. This study
once again highlights the well-known issues associated with the degree to which disdrometer-derived data
can be appropriately used to infer radar-scale information.

5. Discussion
5.1. Validity of These Simulations
It should be emphasized that these simulations, though driven by real data, still are just Monte Carlo
simulations. In particular, the homogenization process that results in the creation of the sample size distribution function is unphysical. Figures 1–3 clearly demonstrate that the sample size distributions used to
drive the simulations presented in this manuscript are much broader than the Poisson distributions utilized
in Smith et al. [1993], Smith and Kliche [2005], and Smith et al. [2009] and much more skewed than the uniform
distributions used in Jameson and Kostinski [2002a].
In reality, though it is expected that the sampling distribution likely should be broader than Poisson and
skewed, it is invalid to assume that the actual detection of diﬀerent numbers of drops in diﬀerent samples is
purely an issue of sampling variability. On storm scales, rain is typically statistically nonstationary, with deterministic trends to the drop arrival rate over time that exist independent of any sampling considerations. The
degree to which underlying drop arrival rates change on minute to minute or second to second scales is still
very much in question (see, e.g., Jameson et al. [2015a] for just one example of many papers investigating
this question), but truly homogeneous rain does not seem to exist over time scales of hours or longer except
under extremely rare conditions [Larsen et al., 2005].
As such, the quantitative results of these simulations should not be accepted as “the new standard.” Even if the
results presented here are limited to being applied to “homogeneous rain,” the underlying sampling statistics that were used to drive the simulation were not homogeneous from the outset but rather homogenized
in a rather artiﬁcial way. This unphysical “homogenization” manifests itself in a number of ways, including (i)
̄ for all events, (ii) the artiﬁcial removal of any temporal
the larger than physically expected value of ps (0|N)
̄ from p(D) in the simulā
structure on time scales longer than N𝜏 , and (iii) the explicit decoupling of ps (k|N)
tion structure. The degree to which each of these may inﬂuence the quantitative results presented here is, at
present, uncertain.
Because of the above caveats, this study merely attempts to establish a new upper bound for the eﬀect of
sampling variability. If the conclusion of N̄ ∼ 100 drops for convergence developed in the Smith et al. [1993]
study may have been a bit optimistic, any conclusions drawn based on the simulations here may be a bit
pessimistic—with the “truth” associated with sampling variability likely lying somewhere between.
5.2. Sample-Based Estimation of Moments
Simulation-based studies of sampling variability, like the one conducted here, attempt to determine necessary conditions to ensure that a real sample adequately represents the true state of the system. Ideally, an
individual sample would be both an unbiased and an accurate estimator of the desired quantity. In an eﬀort to
determine whether a sampled system obeys these criteria, one can explore the median sample value (which
identiﬁes whether the estimator is biased) as well as the breadth of the observed samples (which helps to
determine the accuracy with which a single sample could estimate a quantity). The results in Figures 5–11
clearly and strongly suggest that even statistically stationary rain requires more than N̄ = 1000 drops for
reliable parameter estimation.
Although several of the qualitative results of both Smith et al. [1993] and Jameson and Kostinski [2002a] hold,
use of the quantitative estimates of the Smith et al. [1993] study (as has been done in, for example, Smith and
Kliche [2005], Zhang et al. [2006], Brandes et al. [2007], and Brandes et al. [2008] may be rather misleading and
overly optimistic.
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At this point, it appears that the only quantity that can be estimated in realistic sampling to reliable levels of
estimation with fewer than 104 drops may be Dm . Future work will hopefully reveal if there is a point at which
LWC, R, R∗ , and Z can be reliably estimated in homogeneous rain.
This, of course, still leaves the practical practitioner in a bind, as most instruments are incapable of measuring a large enough sample area to obtain suﬃcient numbers of drops to reliably estimate the desired rain
properties. Adding more instruments to a site to increase the sample area is often cost prohibitive, even if
the instrument-to-instrument issues revealed in other studies [e.g., Donnadieu, 1980; Campos and Zawadzki,
2000; Habib et al., 2001; Ciach, 2003; Salles and Creutin, 2003; Miriovsky et al., 2004; Tokay et al., 2005; Krajewski
et al., 2006; Jaﬀrain and Berne, 2011; Thurai et al., 2011; Tokay et al., 2013] could be overcome.
There do exist some possible ways out of the conundrum. Use of dual-polarimetric radar to determine rain
properties may enable the investigator to infer bulk statistics without being subject to such limited sample
areas. Additionally, the Precipitation Occurrence Sensor System (POSS) described and utilized in Sheppard
[1990], Sheppard and Joe [1994], Campos and Zawadzki [2000], and Lee and Zawadzki [2005a] may have sufﬁciently large sample area to avoid several of the sampling issues explored in this manuscript. Alternatively,
there may be some ways to process or analyze the data in such a way as to minimize (or at least better bound)
the eﬀect that sampling issues can have on inferring particular rain properties like rain rate or reﬂectivity
factor. (One method that has already been utilized to attempt to do this can be found in the Sequential
Intensity Filtering Technique described and used in Lee and Zawadzki [2005b, 2005a].)
5.3. Nature of Convergence
Although deﬁnitive conclusions are diﬃcult to draw with only three events, it is interesting that the strongest
and weakest events (in terms of intrinsic Dm , R, and Z ) converge more slowly with increasing N̄ than the intermediate storm. This suggests that no simple relationship that estimates the rate of convergence to adequate
sampling based on something as simple as ⟨R⟩ is likely; a complicated interplay between an event-averaged
̄ and pd (D) may be present.
variable like ⟨R⟩ and measured values of ps (k|N)
5.4. Z -R Relationships as Statistical Artifacts
The Z -R “curve” for each simulated event should, in the presence of perfect sampling, be a single point. As
noted earlier, however, realistic-looking Z -R scatterplots and very reasonable looking power law ﬁts result after
simulating these measurements. With sampling variability potentially accounting for 5 or more orders of magnitude of scatter along both the R and Z axes even for N̄ = 103 drops, the true utility of such Z -R scatterplots
in real applications in the presence of other sources of uncertainty (instrumental uncertainty and physical
changes) is naturally brought into question. Eﬀorts have been made by some investigators [e.g., Hagen and
Yuter, 2003; Yuter and Houze, 2003; Houze et al., 2004] to use longer time period samples to develop estimates
for Z and R, but the results presented here suggest that even this may not remove sampling variability eﬀects.
Of course, countless manuscripts have been attributing diﬀering a and b parameters to physical diﬀerences
in rainfall type (and hence the size distribution) for decades. Perhaps the results here may not be inconsistent
with the results of these studies—the ultimate conclusions, though similar, come about via a statistical rather
than meteorological reasoning. For example, strong summer convective storms often will have a larger density
of drops and thus typically will have larger numbers of measured drops per sample if samples are made on
a “ﬁxed-time” basis. These stronger (higher N̄ events) naturally have a smaller sampling eﬀect and—via the
mechanism presented in Figure 15—end up with lower b values. Thus, it is unclear as to whether the lowering
of the “b” value associated with heavy rainfall is primarily due to a physical change in the relative abundance
of drops of diﬀerent sizes, or if it is because the statistics of sampling variability are changed. It is probably
most likely that both factors contribute in some (unknown) proportion.
It has been argued by some investigators that if rain is truly statistically homogeneous, then the underlying Z -R
relationship should be linear. Modeling and experimental studies [see, e.g., List, 1988; Jameson and Kostinski,
2002a; Prat and Barros, 2009] have revealed this linear behavior for high rain rates. This is consistent with the
results in Figure 15 and can be explained physically as well. As N̄ increases, the bias in all moments decreases
and an individual sample becomes a more reliable estimator of both R and Z . If R and Z are adequately sampled
in homogeneous rain, the resulting Z -R relationships physically must be linear [Jameson and Kostinski, 2001].
Although this is not necessarily conclusive, the results from these simulations suggest that perhaps nonlinear
Z -R relationships derived from disdrometer data say more about sampling variability than any underlying
meteorology.
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6. Conclusions
Some of the qualitative results from these simulations are consistent with the results seen in Smith et al. [1993]
and Jameson and Kostinski [2002a]. In particular are the following:
1. A single observation (sample) will (on average) do a better job of estimating all quantities if N̄ is larger. (This
is consistent with both previous studies.)
2. Due to sampling variability alone, realistic-looking Z -R scatterplots can be generated and, for some values
of N̄ , both the a and b parameters take on realistic values. (This is consistent with both previous studies.)
3. The median of sampled values underestimates the true intrinsic value of all quantities, with a more severe
underestimation occurring when N̄ is small. (This is consistent with the ﬁndings in Smith et al. [1993].)
4. The exponent of the ﬁt to the simulated Z -R scatterplot converges to b = 1 when N̄ increases. (This is
consistent with the ﬁndings in Jameson and Kostinski [2002a].)
The work done here helps to crystallize these conclusions, which may be applicable under a wide variety of
conditions.
In general, however, the quantitative results presented in Smith et al. [1993] are signiﬁcantly altered when
put into the context of non-Poisson sampling. Though there are situations where homogeneous rainfall may
exist over substantial time intervals with Poisson-like statistics [see, e.g., Larsen et al., 2005], every indication
is that such rainfall is quite rare. A more common (though perhaps somewhat artiﬁcially extreme) scenario is
explored with the simulations conducted here, where the distribution of the number of drops in each sample
is quite broad. In these scenarios, convergence to the underlying intrinsic values is slower than previously
estimated, and sample-to-sample variability is broader than previously estimated.
Given that disdrometers have physical limitations on their sample volumes based on their physical design,
and given that real rain may have substantial underlying variability on scales shorter than the time required to
acquire 104 drops per sample, the results here suggest that it is at least possible that using a single disdrometer
observation to estimate “true” rainfall properties may be a fool’s errand; it may be the case that to obtain
enough drops to reliably estimate any of the rainfall properties, measurements of such long duration would
be required that the assumption of statistical homogeneity no longer applies.
The ultimate impact on the community for rain measurement research is in understanding and quantifying
uncertainty. The Smith et al. [1993] study is often cited to note that “sampling variability exists,” and it is also
sometimes used to bound the uncertainty introduced by this variability. Those bounds are too low, and rain
data should be reevaluated in light of this realization. Current eﬀorts with small-scale multidisdrometer arrays
[e.g., Tapiador et al., 2010; Jaﬀrain et al., 2011; Larsen and Teves, 2015], instruments with larger sample areas like
the Precipitation Occurrence Sensor System (POSS), and diﬀerent processing techniques like the sequential
intensity ﬁltering technique (SIFT) will hopefully reveal deﬁnitive estimates of the uncertainty associated with
bulk parameter estimation from individual disdrometer measurements.

Appendix A: Sampling Strategies Used in the Literature
This works expand upon and extend similar studies conducted by Smith et al. [1993], Jameson and Kostinski
[2002a], Smith and Kliche [2005], and Smith et al. [2009]. These four studies—in combination with the one
Table A1. Sampling Strategies Utilized in This Study and Similar Other Computational Sampling Studies
Number of Samples at Each < N >

Distribution for < N >

Form of DSD

2000a

Poisson

Exponential

Jameson and Kostinski [2002a]

10,000b

Uniform

Exponential

Smith and Kliche [2005]

10,000c

Poisson

Exponential

Smith et al. [2009]

20,000d

Poisson

Gamma

110,000
(each event)

Homogenized Data
(empirical)

Homogenized Data
(empirical)

Study
Smith et al. [1993]

Larsen and O’Dell
(Three separate events)

a Estimated from looking at the histograms in Smith et al. [1993].
b From caption of Figure 5 in Jameson and Kostinski [2002a].
c From y
d From y
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axis of Figures 9–11 in Smith and Kliche [2005].
axis of Figures 4–6 in Smith et al. [2009].
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presented in this manuscript—all utilized rather similar sampling strategies in computational simulations.
Table A1 is supplied to make very clear the similarities and diﬀerences between the methods used in these
studies.
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